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Remark

There aren't any restrictions regarding the type of functions.

This is a very general model, but NLPs can be very hard to solvel!



Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
S.t.
gi(x) <0

min To
s.t.
—22—29+2 < 0
T —% < 0
T — % < 0
—x1—2 < 0




Definition
A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
s.t.
gi(z) <0 (i=1,...,k)
min = =
~~
f(@)
s.t.
—z?—x9+2 < 0
T —% < 0
1‘1—% S 0
—.1‘1—2 S 0




Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
s.t.
gi(z) <0
min o
s.t.
¥ —234+2 < 0
- -
g1 ()
x —% < 0
xl—% < 0
—r1—2 < 0




Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
s.t.
gi(z) <0
min To
s.t.
—I% — X9 + 2 S 0
o —g < 0
—
g2(z)
xr1 — % S 0
—T1 — 2 S 0




Definition

A Nonlinear Program (NLP) is a problem of the form:

S.t.

min  f(x)

gi(x) <0

IN
o

IN
o

IN
o

IN
o




Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
s.t.
gi(z) <0 (i=1,...,k)
min To
s.t.
—I%—IQ‘FQ < 0
SCQ—% S 0
1‘1—% S 0
—z1—-2 < 0
ga(z)




min xo
s.t.

—x%—x2—|—2

X2 73/2
X1 —3/2
—131—2

ININ A

IN

o o o o

X2

(1) 29 >2—2%.

[
Le

@

x1



T2

min xo
s.t.

—x%—x2—|—2

X2 73/2
X1 —3/2
—1121—2

ININ A

IN

o o o o

(1) 29 >2—2%.

p—1

p —2

= J

@

x1



T2

min xo
s.t.
—2t—2242 < 0

z2—3/2 < 0
z1—-3/2 < 0
—r1—2 < 0

(1) 29 >2—2%.

(2) z2 < 3.

(3) z1 < 3.

[
Le

p—1

p —2

@

x1



T2

min xo
s.t.
—x% — T2+ 2
z2 — 3/2
z1 —3/2

—1121—2

ININ N IA
[en) ] [en) [en)
Le
Le

—
8
[N
I
8
=t

Sy
IV IA A IV

—_~ o~~~
w N
— — — ~—
8

N

8
-
N

p—1

p —2

@




T2

min xo
s.t.

—x%—x2—|—2

X2 73/2
X1 —3/2
—1121—2

ININ A

IN

o o o o

|
0L 4

|
[ ]

/

FEASIBLE REGION

@

x1



Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(x)

s.t.

(P)



Definition
A Nonlinear Program (NLP) is a problem of the form:

min  f(x)
s.t.

Remark

We may assume f(z) is a linear function, i.e., f(z) =c¢

T

x.



Definition

A Nonlinear Program (NLP) is a problem of the form:

min  f(x)

S.t.

Remark

We may assume f(z) is a linear function, i.e., f(z) =c¢

We can rewrite (P) as

min A
s.t.

T

x.



Definition
A Nonlinear Program (NLP) is a problem of the form:

min  f(z)
s.t. (P)

Remark

We may assume f(z) is a linear function, i.e., f(z) = c'z.

We can rewrite (P) as

min A

s.t.
A2 f(x) @
gi(xz) <0 (i=1,...,k)

The optimal solution to (Q) will have A = f(z).



Nonlinear Programs Generalize Linear Programs

max I+ X2
s.t.

2(1}1 — X9
L1 — X2

v
w

r1,72 >0




Nonlinear Programs Generalize Linear Programs

max 1+ Ta min —x1; — To
s.t. s.t.
200 —x9 > 3 —2r14+2204+3 <
Tr1 — Ty = 4 Tl — Ty — 4 <
T1,29 >0 —x1+ax2+4 <
—x; <
—ry <

o O O oo




Nonlinear Programs Generalize Linear Programs

max 1+ Ta min —x1; — To
s.t. s.t.
200 —x9 > 3 —2r14+2204+3 <
T, — Ty = 4 T, — T — 4 S
z1, 29 >0 —x1+ax2+4 <
—x; <
—ry <

o O O oo

Nonlinear Programs can also generalize INTEGER PROGRAMS!



Nonlinear Programs Generalize Integer Programs

max c¢'x

s.t. 0,11P
Ax <D
z; €{0,1} (j=1,...,n)




Nonlinear Programs Generalize Integer Programs

max c¢'x

s.t. 0,11P
Ax <D
z; €{0,1} (j=1,...,n)

Idea
T (S {07 1}



Nonlinear Programs Generalize Integer Programs

max c¢'x

s.t. 0,11P
Ax <D
z; €{0,1} (j=1,...,n)

Idea
T 6{071} e xj(l—xj)zo



Nonlinear Programs Generalize Integer Programs

max c¢'x

s.t. 0,11P
Ax <D
z; €{0,1} (j=1,...,n)

Idea
T E{O,l} e {L‘j(l—Ij):O

min —c'z
s.t. ]
Ar < b Quadratic NLP
zj(l—z;) < 0 (j=1,...,n)
—zj(l-z;) < 0 (J=1,...,n)




Nonlinear Programs Generalize Integer Programs
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Remark

0,11P

Quadratic NLP

0,1 IPs are hard to solve; thus, quadratic NLPs are also hard to solve.
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T

max c¢
s.t. pure IP
Ax <b
xjinteger (j=1,...,n)

Idea
x; integer < sin(rz;) = 0.

min —c'z
s.t.
Az < b
sin(rz;) = 0 (j=1,...,n)
Remark

IPs are hard to solve; thus, NLPs are also hard to solve.
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Proof
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min{cTac ixr € S} .

If S is convex and x is a local optimum, then x is optimal.

Proof

Suppose 3z’ € S with ¢T2’ < ¢'z.

Let y = Az’ + (1 — Nz for A > 0 small.
As A small ||y — z[| < 0.

Since S is convex, y € S.

cly=c" (A’ + (1 - Nz)

_ T, T
= AN co+1-Nc z

>0 <cTx
<A'z+(1-Nc'z
=c'z

A contradiction.
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will prove

Proposition

|fgl,...

, gr. are all convex, then the feasible region of (P) is convex.
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Example
We claim that f(z) = 22 is convex.
Pick a,b € R and pick A where 0 < X\ < 1.
To check:

P+ (1 A2 < Aa® + (1 — A2,
We may assume that A # 0, 1.
After simplifying

AL = 2)2ab < A(1 — A)(a? + B2),

or, equivalently, as A, (1 — \) > 0,

?
a2+bz—2ab20,

which is the case as a? + b — 2ab = (a — b)? > 0.
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Proof
Pick a,b € S.

Pick A where 0 < A < 1.

Let z = Xa+ (1 — A\)b.

Our goal is to show that = € S, i.e., that g(z) < §.
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min ¢z
s.t. (P)
gi(z) <0 (i=1,...,k)

If all functions g; are convex, then the feasible region of (P) is convex.

Proof

Let S; = {z : gi(z) < 0}.

By the previous result, S; is convex.

The feasible region of (P) is S; N SsN...N Sk.

Since the intersection of convex sets is convex, the result follows.
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Let f: R™ — R be a function. Then

1. ’f is convex = epi(f)is convex.‘

2. epi(f) is convex == f is convex.

Proof
Pick (3) (g) € epi(f). Pick A where 0 < \ < 1.

To show: epi(f) contains
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Aa +
A fla

N ——
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Proposition
Let f: R™ — R be a function. Then

1. ’f is convex = epi(f)is convex.‘

2. epi(f) is convex == f is convex.

Proof
Pick (3) (g) € epi(f). Pick A where 0 < \ < 1.

To show: epi(f) contains
(@0 ()= (a6 w)

F(Xa+ (1—\)b) <
(@)+(1-=A) fO) <
N——

Consider

(convexity of f)

)

Thus (%) is in epi(f).
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Recap

1. NLPs are hard in general.

2. We may assume the objective function of NLPs is linear.

3. Local optimum = optimal sol when the feasible region is convex.
4. We defined convex functions.

5. Convex functions yield a convex feasible region.

6. Convex functions and convex sets are related by epigraphs.
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