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Input:
e Graph G = (V, E)

¢ Non-negative edge lengths c,
forallec E

o Vertices s,t € V

Goal: Compute an s, t-path of
smallest total length.

Recall: P is an s, t-path if it is of
the form

V12, V2V3, ..., Vk-1Vk

and

1. v;v;41 € E for all
ie{l,....,k—1},

2. v; #wvj for all i # j, and
3. v1 = s and v, = t.

E.g., P = sa, ab, bt
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Definition

§(S)isan s,t-cutif se Sandt ¢ S. Definition

E.g., 1 and 2 are s,t-cuts, 3 is not. For S C V, we let §(S) be the
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Remark

If S C FE contains at least one edge
from every s, t-cut, then S' contains an
s, t-path.

Proof: (by contradiction)
e Suppose S has an edge from every
s, t-cut, but S has no s, t-path.
e Let R be the set of vertices
reachable from s in S e Note: There cannot be an
edge uv € S withu € R

and v € R. Otherwise: v
should have been in R!

R={u€eV : S hasan s,u—path}.

e §(R) is an s, t-cut since s € R and
t¢ R. —d(R)NS =1.
Contradiction!
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Z(xe eedl)) >1 (1) Remark
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Objective: 3 (cewe : € € E) contains an s, t-path.
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min  (3,4,1,2,2)z /CT\
3 2
sa sb ab at bt >®

(s} 1 1 0 0 0 \
.t {s,a} 0 1 1 1 0 1

(s6} |1 0 1 0 1

{s,a,6} \ O 0 0 1 1

x>0 =z integer
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min Z(ceme ce€E)
st. Y (ze:e€d(U) =1 (UCV,scUtgU)

Te > 0,z integer (e € E)

Suppose: ¢, >0 foralle e E
Then: In an optimal solution, z. <1 for all e € E. Why?

Suppose z, > 1.
Then let . = 1. This is cheaper and maintains feasibility!

For a binary solution z, define

Sy={e€E:x.=1}.
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min Z(cexe cecE)
st. Y (ze:e€dU) =1 (UCV,scUtgU)
Ze > 0,2, integer (e € E)

Remark

If z is an optimal solution for the above IP and ¢. > 0 for all e € E, then
S, contains the edges of a shortest s, t-path.
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e Given G = (V,E) and U C V, we define
dU)={weFE :ueclUvgU}.
e §(U)isan s, t-cutif se U and t £ U.
e If S C F intersects every s, t-cut §(U), then S contains an s, ¢-path.

o Feasible solutions to the shortest path LP correspond to edge-sets
that intersect every s, t-cut; optimal solutions are minimal in this
respect if ¢, > 0 for all e € E.
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